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Random diode arrays represent a new class of nonlinear disordered systems related to the physics of
thin-film semiconductor structures and some others. When a disorder strength grows through a certain
critical value, they undergo a phase transition from almost uniform to strongly nonuniform random
electric potential. A piecewise continuous topography of random potential is predicted.
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lem is that microdiodes interact with each other by forc-
ing currents through a resistive electrode. On intuitive As verified below, the disorder is strong when �D * 1.
This Letter introduces a new class of disordered sys-
tems, random diode arrays (RDA), that model essential
physics of large area noncrystalline semiconductor de-
vices, such as photovoltaics, liquid crystal display drivers,
and light emitting panels. The physics of such devices is
strongly determined by the material inhomogeneity and
the presence of potential barriers in p-n and other junc-
tions [1]. Correspondingly, a prototype RDA is a set of
random photodiodes connected in parallel through a re-
sistive electrode. The universality of the photodiode
model is that it combines unidirectional transport with
the electric current that can be finite at zero bias [see
Eq. (1) below]. Other possible applications of such RDA
include charge transport across monomolecular layers
where an organic molecule can act as a diode [2], electri-
cally coupled light emitters [3], stochastic heterostruc-
tures in nanotubes [4], and spin-polarized electron
transport through a domain wall [5].

Each diode in RDA has the ideal current-voltage (j-V)
characteristic

j � j0fexp�e�V � Voc�=kT� � 1g; (1)

where kT and e have their standard meaning, and j0 and
Voc are local diode parameters. The open-circuit voltage
(Voc) fluctuations have an exponentially strong effect on
RDA currents and are considered the main nonuniformity
source. A simple nonrestrictive example is a bimodal Voc

distribution representing identical weak (low Voc) diodes
embedded in the uniform matrix of more robust units.
Both one-dimensional (1D) and 2D cases are of practical
interest. They are topologically the same and can be
pictured as a set of random diodes connecting two par-
allel resistive wires (1D) or parallel resistive sheets (2D).

From the theoretical standpoint, the problem is to
describe the topography and statistics of random electric
potential in RDA and predict its integral characteristics.
This nonlinear problem requires approaches beyond the
standard theory of disordered systems. One such approach
is developed below for the case of infinitely large RDA
with uncorrelated disorder.

Qualitative analysis.—A nontrivial part of the prob-
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grounds, the interaction is characterized by the correla-
tion length

L0 �
������������������
kT=e�j0

q
: (2)

Its physical meaning is that the characteristic thermal
fluctuation in the electric potential V � kT=e is bal-
anced by the potential drop j0L

2
0� across the electrode of

linear dimension L0. For D � 1, L0� and j0L0 represent
the resistance and current, and � is the resistance per unit
length. For D � 2, � is the sheet resistance and the
current is j0L2

0. For stronger fluctuations V > kT=e the
correlation length is even larger, L � L0

���������������������
ejVj=kT

p
>

L0. L0 and L vary over a wide range depending on the
system parameters and can be macroscopically large (see
the numerical estimates below).

We assume in what follows that the characteristic diode
size in RDA is small, l 
 L (see the numerical estimates
below) and thus a large number [�L=l�D � 1] of random
diodes contribute to RDA characteristics. Consider, for
simplicity, a bimodal Voc distribution with low weak
diode concentration, �l=R�D 
 1, where R is the average
nearest weak diode distance. The average RDA potential
is determined by the condition that the sum of all currents
given by Eq. (1) vanishes,

V � ��kT=e� lnhexp��eVoc=kT�i; (3)

where the angle brackets stand for disorder averaging.
Weak diodes find themselves under forward bias V �
Voc > 0 and exponentially large positive currents.
Strong diodes (V � Voc < 0) run negative currents � j0.
Equation (3) states that weak diodes can have an expo-
nentially strong effect.

The relative dispersion �D in the weak microdiode
currents turns out to be a significant parameter character-
izing the disorder strength. It can be estimated by noting
that each weak diode consumes an exponentially strong
relative current exp�e�V � Voc�=kT� and that in the region
of linear size L0 the relative fluctuation in their number
N=N � 1=

����
N

p
� �R=L0�

D=2. This gives

�D � �R=L0�
D exp�2e�V � Voc�=kT�: (4)
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Parameter estimates.—Practically required transpar-
ent electrodes in RDA related devices cannot be made of a
‘‘good’’ metal; hence, substantial sheet resistance ��
10 �=� [6]. The current density is j0 � �1� 3� �
10�2 A=cm2 (under one sun illumination) for most photo-
voltaics [6]. For the room temperature, this yields L0 �
1 mm; however, L0 is by the factor of 100 larger under the
ambient room light (lower j0). Hence, random diodes
interact across macroscopic distances. Note that such
length scales comparable to the device element sizes
may cause mesoscopic effects. For the main fluctuating
parameter Voc it is typical to have heVoc=kTi � 10–30
with the characteristic relative fluctuation of �0:1–0:3
(see [7] and references therein). The weak diode distance
R is not well-known and can be in the range of tens to
hundreds of microns [7]. Substituting this into Eq. (4)
shows that both the cases of strong (�D � 1) and weak
(�D 
 1) disorder are realistic.

Quantitative approach.—The electric potential distri-
bution in RDA can be described based on the diode
equation (1) and Ohm’s law:

ri � �j; �i � �rV; (5)

where i is the lateral current (current density) in the
resistive electrode for D � 1 (D � 2), V is the electric
potential, and j0 is the specific transversal currents (per
length for D � 1 or per area for D � 2) defined in Eq. (1).
Introducing the dimensionless units

� � e�V � V�=kT; y � x=L0; (6)

Eqs. (5) can be reduced to the form

r2� � �1� �� exp��� � 1; (7)

where � is a random variable,

� � exp�e�V � Voc�=kT� � 1; h�i � 0: (8)

Its statistics is described by the correlation function

h��0���r�i � B�r�; B � const: (9)

Here �r� is the delta function of the coordinate r.
[Because of the microdiode finite size, �r� should be
understood as having a small yet finite width l].

In what follows � is presented as a superposition of the
short-range and long-range components,

� � �s ��L; j�sj 
 1; h�si � 0: (10)

�s has the characteristic space scale l 
 1. Its amplitude
is assumed to be small, ’s 
 1, since the neighboring
microdiodes are separated by small electrical resistance;
the corresponding condition is derived in Eq. (19) below.
The long-range component is not necessarily small and is
approximately constant on the scale of l.
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Linearizing Eq. (7) in j�sj 
 1 and averaging over a
region of linear dimension x, such that l 
 x 
 1, yields

r2�L � �1� h�s�ix� exp��L� � 1: (11)

In accordance with the central limit theorem, a random
quantity h�s�ix can be represented as f�x�h�s�i, where
the latter average is taken over an infinitely large volume
(x ! 1� and f�x� obeys the Gaussian statistics with the
average hfi � 1. Its fluctuations are small, f � �l=x�D,
since the averaging is taken over a large number of micro-
diodes, �x=l�D � 1.

Eliminating the terms absorbed by Eq. (11) and ne-
glecting �s in its right-hand side (rhs), linearized Eq. (7)
becomes

r2�s � � exp��L�; (12)

where �L is considered constant. A system of coupled
equations (11) and (12) describe the long-range and short-
range components of the electric potential.

The quantity h�s�ix in Eq. (11) can be expressed
through the correlation function h��0��s�r�i with r � l.
Multiplying Eq. (12) by ��0� and then averaging gives the
equation

r2h��0��six � Bf�x��r� exp��L�; (13)

whose solution is

h��0��six �
Bf exp��L�

2�

�
�jrj � C1 for D � 1;
lnr� C2 for D � 1;

(14)

where constants C1 and C2 must be determined from the
boundary conditions. Because Eq. (12) is restricted to the
region r 
 1, the standard boundary condition is hard to
impose. Offering an alternative is the observation that, in
the absence of other characteristic lengths, the correlation
between � and �s should decay over distances r� 1. We
approximate it by h��0��s�r � 1�ix � 0, which yields
C1 � �� and C2 � 0. [The latter analysis of h��0��si
is readily verified for a small disorder when Eq. (7) is
linear in �.] Substituting into Eq. (14) r � l yields

r2�L � �
1

4�
�exp��L � ln2�� � 1�2 �

1

4�
� 1; (15)

where

� �
Bf
2

�
1 for D � 1;
�1=�� ln�1=l� for D � 2:

(16)

One immediate result of the above analysis is that there
exists a critical disorder strength �c � 1=4, such that the
electric potential and current distributions are qualita-
tively different for the cases of � < �c and � > �c. In the
case of � < �c one can calculate the average potential in
the system by setting the left-hand side zero in Eq. (15),

h�Li � ln

�
1�

���������������
1� 4�

p

2�

�
: (17)
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FIG. 1. 1D �L distribution for the case of subcritical disorder
numerically simulated for a random diode circuit with uni-
formly distributed Voc where heVoc=kTi � 10, the relative stan-
dard deviation of 10%, and the electrode resistance between the
nearest neighbor diodes r � 10�4kT=qj0. The diode number
plays the role of the linear coordinate. Note the small ampli-
tude of the fluctuations.
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This solution fails when � > 1=4. Furthermore, analyz-
ing the corrections �L � �� h�i by the perturba-
tion technique, it is straightforward to see from Eq. (15)
that the characteristic length scale and amplitude of
nonuniformities diverge as � ! �c. Hence, � is a figure
of merit for the nonuniformity effects and characterizes
the disorder strength. Estimating B as defined in Eq. (9)
for a bimodal Voc distribution and substituting it into
Eq. (16) leads to �� �D with �D [from Eq. (4)] represent-
ing the relative dispersion microdiode currents. Below we
consider the cases of subcritical (� < �c) and supercriti-
cal (� > �c) disorder separately.

Subcritical disorder.—Small fluctuations of random
function f�x� and corresponding variations � become
an important source of randomness for small � 
 1 when
the rhs in Eq. (15) is dominated by the contribution that is
inversely proportional to �. Because �s are small, so are
the variations in �L (the system is almost uniform). They
satisfy the linearized equation (15),

r2�L � h�i
���������������
1� 4�

p
�L � � exph2�i (18)

and thus obey the Gaussian statistics.
Supercritical disorder.—For � > �c, the rhs of Eq. (15)

is everywhere negative. The negative curvature r2� ex-
ponentially increases in the absolute value with � above
its maximum �m � ln�1=2��. Therefore, the spectrum of
� cannot span much beyond �m. Indeed, any increase in
� (i.e., positive r�) would be strongly limited by expo-
nentially large negative r2�. For � � �c and �<�m we
find r2� � �1; that is, ��r� is close to a negative curva-
ture paraboloid and is unbounded below. This is consistent
with the above observation that the average h�i is not
defined when � > �c.

The unbounded spectrum appears in the framework of
the approximation employed. The lower boundary effects
can be included beyond that approximation by accounting
for the lowest �s that correspond to the weakest diodes.
In the above approximation framework, the weakest
diode appears as a singularity where r� undergoes a
finite change and the electric potential cannot be decom-
posed into a sum of long- and short-range components.
Taking such singularities into account, the potential has a
piecewise continuous structure formed by a set of nega-
tive curvature paraboloids (far from weak diodes where
the approximation of smoothly varying potential is
valid), connected in a singular way at weak diodes (see
Figs. 2 and 3).

The location of singularities needs to be further speci-
fied if the Voc distribution is not a bimodal. A diode
weakest in its screening length neighborhood (Voc �
Voc;min) will obviously cause a singularity. On physical
grounds, a less weak diode at distance r in the same
neighborhood will cause a singularity if it is a local
current sink. This happens when the difference between
its Voc and Voc;min is smaller than the electric potential
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drop j0�r
2 across the resistive electrode between the two

diodes. This understanding is consistent with the results
of numerical modeling (Figs. 2 and 3).

Applicability.—The linearization of Eq. (7) with re-
spect to �s remains valid when h�2

si 
 1. Multiplying
Eq. (12) by �s�0�, averaging, and taking into account
Eqs. (14) and (16), reduces the latter condition to

h�2
si � � exp�2�L� 
 1: (19)

It is obviously satisfied for the case of subcritical disorder,
� 
 1. For � � 1, we take into account that the spec-
trum of �L is confined to the region �L & ln�1=2��. As
substituted in Eq. (19), this gives h�2

si & 1=4� 
 1;
hence, the inequality in Eq. (19) obeys in the far super-
critical region. However, it fails in the critical region.

Numerical simulations.—As a verification, 1D and 2D
RDAs of 1000 diodes have been simulated numerically.
The individual diode Vocs were randomly generated to
obey either Gaussian or uniform distributions with de-
sired averages and dispersions. The electric potential and
current distributions were then found by numerically
solving a set of Kirchhoff ’s equations with the open-
circuit boundary conditions.

For RDA with subcritical disorder the distribution
in Fig. 1 has a smoothly varying shape similar to
what is typically considered random potential in the
existing theory of disordered systems. Such shape, small-
ness of the potential fluctuations, and their verified
Gaussian statistics are consistent with the above analyti-
cal predictions.

The results of numerical simulations for 1D and 2D
RDA with supercritical disorder are shown in Figs. 2 and
3. They confirm, indeed, the conclusion of piecewise
continuous potential distribution of randomly located
negative curvature paraboloids forming cusps in connec-
tion points.
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FIG. 3 (color online). Electric potential distribution for the
case of 2D supercritical disorder numerically simulated for
RDA of 31� 31 diodes with the Gaussian Voc distribution,
heVoc=kTi � 16, the relative standard deviation of 30%, and the
electrode resistance between the nearest neighbor diodes r �
0:01kT=qj0. Note cusps in the proximity of minima and para-
boloidal shapes far from them.

FIG. 2 (color online). Voc and reduced electric potential �
distributions for the case of supercritical disorder numerically
simulated for a 1D random diode circuit with the Gaussian Voc

distribution, heVoc=kTi � 10, the relative standard deviation of
30%, and the electrode resistance between the nearest neighbor
diodes r � 0:01kT=qj0. Note singular � shapes in the prox-
imity of minima.
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Example implication.—As an implication of the above
theory consider the tail of the probabilistic distribution
of weak diode currents (i.e., j > 0) in RDA. A weak
diode current is stronger when it does not have equal
competitors in a larger domain and thus robs currents
generated by a larger number of neighboring robust di-
odes. The probability of finding no weak diodes in the
region of large radius r > R is given by the Poisson
distribution exp���r=R�D�. Because the amplitude of
electric potential � is parabolic in r, we get � / r2.
The electric current can be expressed as J� �=
��r�2�D��, where D � 1; 2 [see the discussion after
Eq. (2)]. As a result the probability distribution for the
current takes the form

g�J� / exp��J=J0� for J > J0; (20)

for both the cases of D � 1 and D � 2, where J0 �
j0RD � const (in conventional units). This prediction
agrees well with the results of numerical simulations.

To conclude, RDA represent a new class of nonlinear
disordered systems modeling large area semiconductor
devices. They are predicted to undergo a phase transition
from the state of almost uniform to that of strongly
nonuniform electric potential; the corresponding order
parameter (figure of merit, �) and its critical value are
derived. From the practical standpoint, this understanding
can serve as a guide for technology to mitigate the non-
uniformity effects. The established piecewise continuous
topography of random potential represents a new concept
in the physics of nonlinear disordered systems. The
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above consideration leaves many important questions
unanswered. Those of the role of the boundary conditions
for finite RDA, their j-V characteristics, mesoscopic ef-
fects, and properties of other topologies seem to be the
most challenging.
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